Fragments of Hilbert's Program

Joél Ouaknine

Max Planck Institute for Software Systems, Germany

(joint work with Valérie Berthé, Florian Luca, James Worrell,
Toghrul Karimov, Joris Nieuwveld, Mihir Vahanwala, Emil Wieser)

Number Theory Web Seminar
20 November 2025

d‘

DF Deutsche
Forschungsgemeinschaft

nAMiCs

’
Dy



Calculemus!




Calculemus!

If | have seen farther than others, it is because | have stood on the shoulders of giants;



Calculemus!

If | have seen farther than others, it is because | have stood on the shoulders of giants;
You, my dear Hooke, have not.
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Leibniz visited the Royal Society in 1673 where he demonstrated a calculating machine
that he had designed and had been building since 1670. The machine was able to
execute all four basic operations (adding, subtracting, multiplying, and dividing), and
the Royal Society promptly elected him as external member.
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Leibniz's Dream: reducing mathematics to mere computation

Leibniz visited the Royal Society in 1673 where he demonstrated a calculating machine
that he had designed and had been building since 1670. The machine was able to
execute all four basic operations (adding, subtracting, multiplying, and dividing), and
the Royal Society promptly elected him as external member.

But in fact, Leibniz's boyhood “wonderful idea” went much further: to devise
an alphabet representing all fundamental concepts.

Each symbol would represent some definite idea in a natural and appropriate way. His
calculus ratiocinator (algebra of symbolic logic) would then bring under mathematical
laws human reasoning, “which is the most excellent and useful thing we have".

““In large language models (LLMs), a token is a chunk of text used as
a basic unit for processing -- typically a word, subword, or even
character, depending on the language and tokenizer. The model reads
and generates text in terms of these tokens, not full words or
sentences, enabling it to handle diverse languages and structures
efficiently.’’
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Wir miissen wissen. Wir werden wissen.



Fast forward about a hundred years. . .

6%
MY GOAL IS TO SOLVE

INTELLIGENCE AND THEN USE
THAT TO SOLVE EVERYTHING ELSE

- Demis Hassabis
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Theorem (Euclid, c. 300 BC)
Let P denote the set of prime numbers. Then the following holds:
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Let P denote the set of prime numbers. Then the following holds:

Vx 3y (y > x A P(y))
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The Monadic Second-Order Logic of Order

The syntax of MSO(N; <)
pu=x<y|PX) |1 Ap2|p1Vea|~@|Vxp|Ixe | VP | TPy

Examples:
o y=x+1liffx<yAVz(x<z=(y<zVy=2)
@ @ is the set of integers congruent to 1 mod 4 iff

—“Q(0) A Q(1) A=Q(2) A =Q(B) AVX (Q(x) & Q(x +4)) ()

Theorem (Dirichlet, 1837)

Let PRIMES denote the set of prime numbers. Then
Vx3y (y > x A PRIMES(y) A3Q . ((x) A Q(y))) -

@ Above formula is an example of a sentence in the MSO theory of (N; <, PRIMES)



Question (Blichi and Landweber, 1969)
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Question (Blichi and Landweber, 1969)

Is the MSO theory of (N; <, PRIMES) decidable?

Theorem (Bateman, Jockusch, and Woods, 1993)
Yes, assuming Schinzel’s Hypothesis H.
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A glimpse of the Hilbert Landscape

Are there finitely many m and n such that Solution requires
Baker's theorem on
2™ — 37 <1007 linear forms in
logarithms!

If so, enumerate them.

Are there infinitely many m and n such that
3!7 < 2m < 2m+1 < 3n+1 < 2m+2 < 2m+3 < 3n+2

and
2m

3"=1 (mod 13)?

v

Are there finitely many n such that the number of perfect squares between 2" and 271
is even, and the number of perfect squares between 27! and 272 is divisible by 37?
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Theorem (Biichi, 1962)
The MSO theory of (N; <) is decidable.

The genesis of the grand love affair
between logic and automata!

Theorem (Elgot and Rabin, 1966)

The MSO theory of each of the
following structures is decidable:

o (N;<,2)
o (N;<,3N)
o (N; <, 4N)

Elgot and Rabin, 1966: On decision problems
(but not that one)

... much subsequent work over the ensuing decades But can these predicates
(Landweber, Semenov, Thomas, Rabinovich, Carton, ...) Ei=Reelt1ls1 11\ ke
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Theorem (Berthé et al., 2024)

The MSO theory of the following structures is decidable:
o (N; <, 2N 3N
o (N;<,a, pY)

o (N;<, al, ..., akN> assuming Schanuel’'s Conjecture

We are planning to implement this algorithm!

dynamical
systems
e(/]‘ e(
[c/) O/)) ((\\0
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V/2 = 1.414213562373095048801688724209698078569671875376948073176679737990
7324784621070388503875343276415727350138462309122970249248360558507372126
4412149709993583141322266592750559275579995050115278206057147010955997160
5970274534506862014728517418640859198609552320230484308714321450830762603
627995251407989687253396546331808829640620615258352305054 745750287 7599617
2983557522@33753185701ib5d37460340849884716038689997069900481503054402779
031645424 78230684929360186215805784631 11596668713013015618568987237235288
5006486124947 7154218334204285686060146824720771435854874155657069677653

72022@485447\015858\801 076847492265722600208553446652 ;83988339443109
9180081138 815708 630100594 87840 186 8421948 7;?829 641945072
688‘];3137 985 32204024 91227700226 5«73627 1089 4018

;6986 7257 64720060762 69‘413804756 5899718 @247 42
69 zf 81004459842150 4413 34,058 107@091 2'86
9 4710171111683 16581726880419 8?@\58 8209688 347, 08 862801

8275395 35148542267653; 96% 9160240871 875600
9314680 102 1694624030081 749631 88§292563138¢ 3 1%9
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Back to the Elgot-Rabin paper ...

Theorem (Elgot and Rabin, 1966)

The MSO theory of each of the
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o (N;<,3N)
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(N; <, FIB)

(N; <, FACT)




Back to the Elgot-Rabin paper ...

Theorem (Elgot and Rabin, 1966)

The MSO theory of each of the
following structures is decidable:

o (N; <,2V)
o (N; <,3Y)

(N; <, SQUARES) Which predicates can one combine?

(N; <, CUBES)

(N; <, FIB)
(N; <, FACT)
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The MSO theory of the following structures is decidable:
o (N; <,2N SQUARES) assuming \/2 is disjunctive in binary
o (N; <,4 SQUARES) (unconditionally)
o (N; <, b FIB) (unconditionally)
® ... (seepaper!)
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If so, enumerate them. with |28 — 3| =13
Are there infinitely many m and n such that Yes, there are infinitely many.
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Are there finitely many m and n such that There are 26 pairs in total;

|2 — 3" <1007 the last one is (m = 8,n = 5),
If so, enumerate them. with |28 — 3| =13
Are there infinitely many m and n such that Yes, there are infinitely many.
37 < 2M < 2mtl < 3+l L omt+2 o omt3 o 32 The first pair is
and (m = 1788, n = 1128);
2m=3"=1 (mod 13)? 31128 has 539 digits!

Are there finitely many n such that the number of perfect squares between 2" and 271
is even, and the number of perfect squares between 27! and 272 is divisible by 37?

This is open! However:
o If \/2 is disjunctive in binary, then there are infinitely many such n;

o If certain specific strings only occur finitely often in the binary expansion of /2,
then there are only finitely many such n




Fragments of Hilbert's Program: More open problems

Open Problems

Is the MSO theory of the
following structures decidable?

o (N; <, SQUARES, CUBES)
(N; <, SQUARES, FACT)
(N; <, SQUARES, FIB)

(N; <, 2N, FACT)




Fragments of Hilbert's Program: More open problems

Open Problems

Is the MSO theory of the
following structures decidable?

o (N;<,SQUARES, CUBES)
(N; <, SQUARES, FACT)

(N; <, SQUARES, FIB) nl+1=m?
(N; <, 2N, FACT)

The Brocard-Ramanujan Problem:
Find all integers m and n such that
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e Aka linear arithmetic: the first-order theory of the structure (N; 0,1, <, +)

@ Shown decidable in 1929 by Presburger, a student of Tarski, with the explicit aims
of advancing both Hilbert's Program and the Entscheidungsproblem

@ Presburger's decision procedure was through quantifier elimination

Easy alternative proof of decidability of Presburger Arithmetic via the embedding:
FO(N;0,1, <,+) — MSO(N; <)

@ ldea: given a natural number x = bgb; ... by encoded in reverse in binary
(from least significant to most significant bit), represent x as a finite set
P.={jeN:b =1}

@ Perform addition using the primary-school technique, with the help of an auxiliary
existentially quantified “carry” predicate, etc.

For free: FO(N;0,1, <, +,2%) < MSO(N; <) <> FO(N; 0,1, <, +,3Y)
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Is the FO theory of (N;0,1, <, 4,2, 3Y) decidable?

Theorem (Hieronymi and Schulz, 2022)
No.

Theorem (Karimov, Luca, Nieuwveld, O., Worrell, 2025)

For any a, b € N, the existential fragment of the
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@ At the very least, would imply effective lower bounds on sums of S-units
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Theorem (Vojta, 2000)

The Bombieri-Lang Conjecture implies that Blichi’s Conjecture holds with M = 8.

Theorem (Stanley Yao Xiao, Dec. 24 / June 25 — paper currently under review)

Biichi’s Conjecture holds with M =5 !

As a consequence, the existential fragment of the FO theory of
(N;0,1, <, 4+, SQUARES) is undecidable.
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e SMT%(Z;0,1, <, +, —, SQUARES) is strong enough to express
Biichi's Conjecture!
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FOY(Z;0,1,<,+,—, P1,..., Px)
What about decidability of the
one-variable first-order fragment
expanded with arbitrary univariate
polynomial predicates?

This is clearly hard: for p1, p2 € Z[X],
whether there exist u, v € Z such that
p1(u) = p2(v) is a still unresolved
instance of Hilbert's 10th problem!

In the above, Pi(x) is equivalent to Ju.x = p1(u), etc.
Thus 3x . P1(x) A Pa(x) asserts precisely that Ju, v. p1(u) = pa(v)

o Already F01<Z; 0,1,<,+,—, SQUARES) is strong enough to capture solvability
of simultaneous generalised Pell equations, and

° F01<Z; 0,1,<,4,—, SQUARES, CUBES) is expressive enough to capture all
integer solutions of arbitrary elliptic curves and genus-zero cubic curves!

Theorem (Bacik, Nieuwveld, O., Vahanwala, Wieser, Worrell, 2025 — in preparation)

Let Pi,..., Px be univariate polynomial predicates of degree at most 3.
Then FOY(Z;0,1,<,+, —, P1,..., P) is decidable.
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Efficient implementation

What is the computational complexity of all these algorithms?




Hilbert's legacy continues to be a rich source of inspiration!

Thriving research endeavour at the confluence of computer science and mathematics

symbolic
dynamics

logic & /{
algorithms ' §{




