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“Prediction is very difficult,
especially about the future”

Niels Bohr



Example: does this loop eventually terminate?

u := 1;
v := 2;
w := 3;

while u ̸= 0 do

u′ := 5u − 2v + 5w ;
v ′ := 10u + 3v − 14w ;
w ′ := 3v − 10w ;

u := u′; v := v ′; w := w ′;

u0 = 1
u1 = 16
u2 = 12

un+3 = −2un+2+3un+1+10un
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The Skolem Problem: open for nearly a century!

The Skolem Problem (1934)

Instance: A linear recurrence sequence ⟨u0, u1, u2, . . .⟩
Question: Is there some n ≥ 0 such that un = 0?

“It is faintly outrageous that this problem is still open”

Terence Tao, 2007

“Arguably, by some distance, the most prominent
problem whose decidability status is currently unknown”

Richard Lipton, 2022

“Some obscure problem that Joël is working on”

Peter Druschel, 2026
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The Exponential-Bound Problem (EBP)

From Sequentical Relational Decomposition
(Fried, Legay, O., Vardi), LICS’18, LMCS’22

Given a regular language L over a finite alphabet Σ,
for each n, let Ln be the set of words in L of length n

The Exponential-Bound Problem (EBP)

Instance: A regular language L
Question: Is |Ln| ≤ 2n for all n?

EBP-Reach

Instance: A regular language L
Question: Does |Ln| = 2n for some n?
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Rational functions and formal power series

A rational function is a ratio of two polynomials: f (x) =
p(x)

q(x)

Let’s assume that q(0) ̸= 0 (so f (0) is defined)

Positivity of all derivatives

Instance: A rational function f (x)
Question: Is f (n)(0) > 0 for all n?

Vanishing of some derivative

Instance: A rational function f (x)
Question: Is f (n)(0) = 0 for some n?
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The Bounded Skolem Problem

A linear recurrence sequence (LRS) u = ⟨u0, u1, u2, . . .⟩ of order k is specified by:

its first k initial values u0, . . . , uk−1, and

its defining recurrence relation: un+k = a1un+k−1 + · · ·+ akun

The size ||u|| of u is the length of the bit encoding of (u0, . . . , uk−1, a1, . . . , ak)

The Skolem Problem

Instance: An LRS u
Question: Is there some n ≥ 0 such that un = 0?

The Bounded Skolem Problem

Instance: An LRS u and a bound B
Question: Is there some n ∈ {0, . . . ,B} such that un = 0?
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The Bounded Skolem Problem: Complexity
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The Bounded Skolem Problem

Instance: LRS u and bound B
Question: ∃ n ≤ B s.t. un = 0?

un
vn
wn

=

 5 −2 5
10 3 −14
0 3 −10

n1
2
3



u0 = 1
u1 = 16
u2 = 12
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outputting un

3 determine if C (n) = 0
(in coRP by [Schönhage 1979])
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The Bounded Skolem Problem is in NPRP.

Theorem (Blondel & Portier 2002)

The Bounded Skolem Problem is NP-hard.
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Can we close the gap and show NP-completeness?
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Instance: LRS u of order k and bound B
Question: ∃ n ≤ B s.t. un = 0?

Theorem (Bacik, O., Worrell 2026)

The Bounded Skolem Problem for Order k is in coRP.

1 using p-adic analysis, compute in polynomial
time all of the polynomially many candidate
indices 0 ≤ n1, n2, . . . , nm ≤ B

2 construct a polynomial-size arithmetic circuit C
outputting the product un1un2 · · · unm

3 determine if C = 0 in coRP
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Instance: LRS u of order k and bound B
Question: ∃ n ≤ B s.t. un = 0?

Theorem (Bacik, O., Worrell 2026)

The Bounded Skolem Problem for Order k is in coRP.

1 using p-adic analysis, compute in polynomial
time all of the polynomially many candidate
indices 0 ≤ n1, n2, . . . , nm ≤ B

Open questions

– Can we compute in polynomial time the candidate
indices without using p-adic analysis?
– Can we derandomise this algorithm?



Zeros and non-degeneracy

Can LRS have arbitrarily large or even infinitely many zeros?

Yes! For example, the sequence ⟨1, 0, 2, 0, 3, 0, 4, 0, . . .⟩,
satisfying the recurrence un+4 = 2un+2 − un

However, this LRS is degenerate: it can be decomposed as the interleaving of
the two non-degenerate LRS ⟨1, 2, 3, 4, . . .⟩ and ⟨0, 0, 0, 0, . . .⟩
This is a general phenomenon, and the decomposition is entirely mechanical

Theorem (Skolem 1934; Mahler 1935, 1956; Lech 1953)

Let ⟨u0, u1, u2, . . .⟩ be a non-degenerate LRS that is not identically zero.
Then its set of zeros {n ∈ N : un = 0} is finite.

Unfortunately, all known proofs make use of non-constructive p-adic techniques

• From now on, all our LRS are assumed to be non-degenerate and not identically zero
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The Skolem Problem at orders up to 4

Theorem (Mignotte, Shorey, Tijdeman 1984; Vereshchagin 1985)

Given a non-degenerate LRS u = ⟨u0, u1, u2, . . .⟩ with either

(i) at most three dominant roots in modulus, or

(ii) at most two dominant roots with respect to some p-adic valuation,

there is a computable bound B = 2O(||u||) such that, for n > B, un ̸= 0.

Corollary

For LRS of order 4 or less, the Skolem Problem reduces to the
Bounded Skolem Problem, and is therefore decidable in coRP.

One critical ingredient of the Mignotte et al.
result is Baker’s theorem on linear forms in
logarithms of algebraic numbers, which
earned Baker the Fields Medal in 1970
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How large can zeros of arbitrary LRS get?

We do not know of a single instance of an LRS u with un = 0 for n ≥ 22
||u||

!

Of course, that doesn’t mean such LRS don’t exist

But we now explain why there are very good reasons to expect the following:

Conjecture

For any LRS u, if un = 0, then n < ee
e||u||

.
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A Brief History of Primes

Theorem (Euclid c. 300 BC)

There are infinitely many prime numbers.

“As a boy [circa 1792], I considered the problem of how many primes
there are up to a given point. From my calculations, I determined
that the density of primes around x, is about 1/ log x”

Gauss, in a letter to Encke

0 x

L

According to Gauss: the number of primes in blue segment is approximately L · 1
log x

How many primes are there from 0 up to x?

π(x) ≈
∫ x

0

1

log t
dt

△
= li(x) ∼ x

log x
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A Brief History of Primes

Prime Number Theorem
(Hadamard & de la Vallée Poussin 1896)

π(x) ∼ li(x) ( ∼ x
log x ).

In other words, lim
x→∞

π(x)

li(x)
= 1.

But the Prime Number Theorem says nothing about the difference |π(x)− li(x)| !

This is where the Riemann Hypothesis comes in . . .
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A Brief History of Primes

Theorem (von Koch 1901)

Assuming the Riemann Hypothesis, |π(x)− li(x)| = O(
√
x log x).

In fact, this assertion is equivalent to the Riemann Hypothesis!
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A Brief History of Primes

Theorem (von Koch 1901)

Assuming the Riemann Hypothesis, |π(x)− li(x)| = O(
√
x log x).

In fact, this assertion is equivalent to the Riemann Hypothesis!

Schoenfeld showed that, assuming R.H., for x ≥ 2657, |π(x)− li(x)| <
√
x log x

8π
.

There are many unconditional estimates for the error term, e.g.:

Theorem (Trudgian 2016)

For x ≥ 229, |π(x)− li(x)| ≤ 0.2795
x

(log x)3/4
exp

(
−
√

log x

6.455

)
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Mind the Gap!

p0 n

Define G (x) := max{pn+1 − pn : pn ≤ x}

Theorem (Baker, Harman, Pintz 2001)

G (x) = O(x0.525).

Theorem (Cramér 1919)

Assuming the Riemann Hypothesis, G (x) = O(
√
x log x).

On the other hand:

Theorem (Ford, Green, Konyagin, Maynard, Tao 2017)

G (x) = Ω

(
log x

(log log x) (log log log log x)

log log log x

)
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The Cramér Random Model

“In investigations concerning the asymptotic properties of
arithmetic functions, it is often possible to make an
interesting heuristic use of probability arguments”

Cramér, 1937

Now if the sequence of prime numbers were a truly random
set of integers with density 1/ log x , then with probability 1:

lim sup
n→∞

pn+1 − pn

log2 pn
= 1

Conjecture (Cramér, 1935; Granville, 2011)

There exists κ ≥ 1 such that, for all x, max{pn+1 − pn : pn ≤ x} ≤ κ log2 x.

Granville argues that in fact κ = 2e−γ ≈ 1.1229
The largest observed value for κ is approx. 0.9206 for pn = 1693182318746371
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Cramér vs. Cramér

Cramér-Granville Conjecture

There exists κ ≥ 1 such that, for all x, max{pn+1 − pn : pn ≤ x} ≤ κ log2 x.

Strengthened Cramér Conjecture

There exists η ≥ 1 such that, for all x, max{gn+1 − gn : gn ≤ x} ≤ η log2 x.

Theorem (Luca, O., Worrell 2025, 2026)

Let u be a non-degenerate integer LRS that is not identically zero.

Assuming the Strengthened Cramér Conjecture, for all n ≥ ee
e(||u||)

, un ̸= 0.

Corollary

The Skolem Problem is decidable subject to the Strengthened Cramér Conjecture.

Note however that this is a completely impractical (“galactic”) algorithm!!
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Could AI spot patterns/proofs that have so far escaped us?



A hard sequence to crack

12, 49, 374, 6003, 21520, 150773, 2711418, 7228087, 39896084, 1077651897, 8443088
62, −5193511429, 348581351448, −1315000789379, −17484999866494, 65954891227
455, −1593947490748388, −16419811303845055, −19999927574998650, −12346719
08617403261, −11641249143376659424, −31686908910032347131, −7877424714701
85791606, −7075526694588755691577, −22321643616220108317660, −44017099056
0193300087607, −3827786576473724174069362, −11455105026466370320565493, −
218565237871554072619739096, −1856338277569019717962618483, −419783207297
0077529712375918, −95126084985010283959648793009, −7944707900627164131399
29419732, −505357605747042744258510051759, −34183642949757679223770805575
274, −283675530157511433404896572182125, 89281617766593850971014560526443
2, −7930477967950206657377655943859435, −68314840318113280928556102740451
430, 1132135760692767997071270222171219159, 129771887220567287306552770980
1657396, 6100031905430564034953104171842326489, 92354561340330113693370382
7562576691614, 3267705068035553073767682132580389922843, 21983703673232747
725747809000963973423160, 623805303419063333816296232949057057914013, 2743
701438755581469893170283080444754429858, 18327472900837342172233173469094
562675800927, 372629990087692148881268595291032494300145724, 1735532316107
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A hard sequence to crack

un = 2(−4 + 7i)n + 2(−4− 7i)n + 4(8 + i)n + 4(8− i)n + n

u has infinitely many positive
and negative terms

u has no zeros in [0, 101000]

u has at most one zero

Open question

How can one prove that u has no zeros?



12, 49, 374, 6003, 21520, 150773, 2711418, 7228087, 39896084, 1077651897, 8443088
62, −5193511429, 348581351448, −1315000789379, −17484999866494, 65954891227
455, −1593947490748388, −16419811303845055, −19999927574998650, −12346719
08617403261, −11641249143376659424, −31686908910032347131, −7877424714701
85791606, −7075526694588755691577, −22321643616220108317660, −44017099056
0193300087607, −3827786576473724174069362, −11455105026466370320565493, −
218565237871554072619739096, −1856338277569019717962618483, −419783207297
0077529712375918, −95126084985010283959648793009, −7944707900627164131399
29419732, −505357605747042744258510051759, −34183642949757679223770805575
274, −283675530157511433404896572182125, 89281617766593850971014560526443
2, −7930477967950206657377655943859435, −68314840318113280928556102740451
430, 1132135760692767997071270222171219159, 129771887220567287306552770980
1657396, 6100031905430564034953104171842326489, 92354561340330113693370382
7562576691614, 3267705068035553073767682132580389922843, 21983703673232747
725747809000963973423160, 623805303419063333816296232949057057914013, 2743
701438755581469893170283080444754429858, 18327472900837342172233173469094
562675800927, 372629990087692148881268595291032494300145724, 1735532316107

A hard sequence to crack

un = 2(−4 + 7i)n + 2(−4− 7i)n + 4(8 + i)n + 4(8− i)n + n

u has infinitely many positive
and negative terms

u has no zeros in [0, 101000]

u has at most one zero

Open question

How can one prove that u has no zeros?



12, 49, 374, 6003, 21520, 150773, 2711418, 7228087, 39896084, 1077651897, 8443088
62, −5193511429, 348581351448, −1315000789379, −17484999866494, 65954891227
455, −1593947490748388, −16419811303845055, −19999927574998650, −12346719
08617403261, −11641249143376659424, −31686908910032347131, −7877424714701
85791606, −7075526694588755691577, −22321643616220108317660, −44017099056
0193300087607, −3827786576473724174069362, −11455105026466370320565493, −
218565237871554072619739096, −1856338277569019717962618483, −419783207297
0077529712375918, −95126084985010283959648793009, −7944707900627164131399
29419732, −505357605747042744258510051759, −34183642949757679223770805575
274, −283675530157511433404896572182125, 89281617766593850971014560526443
2, −7930477967950206657377655943859435, −68314840318113280928556102740451
430, 1132135760692767997071270222171219159, 129771887220567287306552770980
1657396, 6100031905430564034953104171842326489, 92354561340330113693370382
7562576691614, 3267705068035553073767682132580389922843, 21983703673232747
725747809000963973423160, 623805303419063333816296232949057057914013, 2743
701438755581469893170283080444754429858, 18327472900837342172233173469094
562675800927, 372629990087692148881268595291032494300145724, 1735532316107

A hard sequence to crack

un = 2(−4 + 7i)n + 2(−4− 7i)n + 4(8 + i)n + 4(8− i)n + n

u has infinitely many positive
and negative terms

u has no zeros in [0, 101000]

u has at most one zero

Open question

How can one prove that u has no zeros?



12, 49, 374, 6003, 21520, 150773, 2711418, 7228087, 39896084, 1077651897, 8443088
62, −5193511429, 348581351448, −1315000789379, −17484999866494, 65954891227
455, −1593947490748388, −16419811303845055, −19999927574998650, −12346719
08617403261, −11641249143376659424, −31686908910032347131, −7877424714701
85791606, −7075526694588755691577, −22321643616220108317660, −44017099056
0193300087607, −3827786576473724174069362, −11455105026466370320565493, −
218565237871554072619739096, −1856338277569019717962618483, −419783207297
0077529712375918, −95126084985010283959648793009, −7944707900627164131399
29419732, −505357605747042744258510051759, −34183642949757679223770805575
274, −283675530157511433404896572182125, 89281617766593850971014560526443
2, −7930477967950206657377655943859435, −68314840318113280928556102740451
430, 1132135760692767997071270222171219159, 129771887220567287306552770980
1657396, 6100031905430564034953104171842326489, 92354561340330113693370382
7562576691614, 3267705068035553073767682132580389922843, 21983703673232747
725747809000963973423160, 623805303419063333816296232949057057914013, 2743
701438755581469893170283080444754429858, 18327472900837342172233173469094
562675800927, 372629990087692148881268595291032494300145724, 1735532316107

A hard sequence to crack

un = 2(−4 + 7i)n + 2(−4− 7i)n + 4(8 + i)n + 4(8− i)n + n

u has infinitely many positive
and negative terms

u has no zeros in [0, 101000]

u has at most one zero

Open question

How can one prove that u has no zeros?



12, 49, 374, 6003, 21520, 150773, 2711418, 7228087, 39896084, 1077651897, 8443088
62, −5193511429, 348581351448, −1315000789379, −17484999866494, 65954891227
455, −1593947490748388, −16419811303845055, −19999927574998650, −12346719
08617403261, −11641249143376659424, −31686908910032347131, −7877424714701
85791606, −7075526694588755691577, −22321643616220108317660, −44017099056
0193300087607, −3827786576473724174069362, −11455105026466370320565493, −
218565237871554072619739096, −1856338277569019717962618483, −419783207297
0077529712375918, −95126084985010283959648793009, −7944707900627164131399
29419732, −505357605747042744258510051759, −34183642949757679223770805575
274, −283675530157511433404896572182125, 89281617766593850971014560526443
2, −7930477967950206657377655943859435, −68314840318113280928556102740451
430, 1132135760692767997071270222171219159, 129771887220567287306552770980
1657396, 6100031905430564034953104171842326489, 92354561340330113693370382
7562576691614, 3267705068035553073767682132580389922843, 21983703673232747
725747809000963973423160, 623805303419063333816296232949057057914013, 2743
701438755581469893170283080444754429858, 18327472900837342172233173469094
562675800927, 372629990087692148881268595291032494300145724, 1735532316107

A hard sequence to crack

un = 2(−4 + 7i)n + 2(−4− 7i)n + 4(8 + i)n + 4(8− i)n + n

u has infinitely many positive
and negative terms

u has no zeros in [0, 101000]

u has at most one zero

Open question

How can one prove that u has no zeros?



12, 49, 374, 6003, 21520, 150773, 2711418, 7228087, 39896084, 1077651897, 8443088
62, −5193511429, 348581351448, −1315000789379, −17484999866494, 65954891227
455, −1593947490748388, −16419811303845055, −19999927574998650, −12346719
08617403261, −11641249143376659424, −31686908910032347131, −7877424714701
85791606, −7075526694588755691577, −22321643616220108317660, −44017099056
0193300087607, −3827786576473724174069362, −11455105026466370320565493, −
218565237871554072619739096, −1856338277569019717962618483, −419783207297
0077529712375918, −95126084985010283959648793009, −7944707900627164131399
29419732, −505357605747042744258510051759, −34183642949757679223770805575
274, −283675530157511433404896572182125, 89281617766593850971014560526443
2, −7930477967950206657377655943859435, −68314840318113280928556102740451
430, 1132135760692767997071270222171219159, 129771887220567287306552770980
1657396, 6100031905430564034953104171842326489, 92354561340330113693370382
7562576691614, 3267705068035553073767682132580389922843, 21983703673232747
725747809000963973423160, 623805303419063333816296232949057057914013, 2743
701438755581469893170283080444754429858, 18327472900837342172233173469094
562675800927, 372629990087692148881268595291032494300145724, 1735532316107

A hard sequence to crack

un = 2(−4 + 7i)n + 2(−4− 7i)n + 4(8 + i)n + 4(8− i)n + n

u has infinitely many positive
and negative terms

u has no zeros in [0, 101000]

u has at most one zero

Open question

How can one prove that u has no zeros?



Outlook


